
Assessment

Atomic physics

Assignment 2: Identical particles, transitions, and density matrices

Compiled: July 14, 2026

Learning outcomes and objectives

This assignment will give you practice in

• The computation of expectation values for a two-particle wavefunction

• Evaluating integrals to perform perturbation theory calculations

• Calculations relevant for the emission and absorption of radiation

• Finding density matrix representations

Exercise 1 Multiparticle harmonic oscillator (20 points)

Consider two non-interacting particles of mass m in the harmonic oscillator potential well. For the case
with one particle in the single-particle state |n⟩ and the other in state |k⟩ (where n ̸= k), we are going

to calculate the expectation value of the squared interparticle spacing:
〈
(x1 − x2)

2
〉
. Do this for the

cases where the particles are:

• distinguishable

• spin-0

• spin-1/2 in a spin triplet state

In all cases, calculate the expected interpatricle spacing and explain whether the results are consistent
with your expectations, and why.

Hint Use Dirac notation: with the correct application, integration is not required for the above
calculations. Go forth and harness the power of state vectors to improve your quality of life!

Exercise 2 Helium ground state energy (11 points)

a. Compute the direct integral for the ground state of helium and show the first-order correction to

the energy is E
(1)
1s,1s =

5
2Ry = 34 eV.

Hint: For no reason, here is the spherical harmonic addition theorem:

1

|r1 − r2|
=

∞∑
ℓ=0

ℓ∑
m=−ℓ

4π

2ℓ+ 1

rℓ<
rℓ+1
>

Y m
ℓ

∗ (θ1, ϕ1)Y
m
ℓ (θ2, ϕ2)

where r>/r< denoting the larger/smaller of the two distances r1 and r2.

b. Imagine that we are back in week one, where the variational method was introduced. If we had
guessed that the wave function of helium was roughly

ψHe = φnlm(r1)φnlm(r2)

where φnlm(r) are the usual hydrogenic wave functions, explain why we would have calculated
the identical result to that above, assuming that the interaction potential between electrons was
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the same. You can incorporate into your answer why I am nice for not having asked you to
calculate the ground state energy for a trail wave function not of that form, for example, if
φ(r) = exp

(
−α(r1 − r2)

2
)
.

Exercise 3 Density of states (12 points)

In class, it was stated that the density of states g(E) can be calculated as the Fourier transform of the
emitted field, and for an exponentially decaying excited state, the density of states is

g(E) =
ℏA21/2π

(E − ℏω12)
2
+

(ℏA21

2

)2
We are going to show exactly this.

a. (1 mark) Explain why that given a population which decays exponentially with time dependence
e−t/τ , the field decays with the a time dependence e−t/2τ .

b. Calculate the Fourier transform of the emitted field,

E(t) =

{
0 t < 0

E0e
−t/2τeiω21t t ≥ 0

and hence find the frequency spectrum of the radiated power in spontaneous emission.

Hint: The power spectral density is computed as the square of the absolute value of the Fourier
transform.

c. Convert this frequency spectrum to an energy spectrum, and normalise it (to 1) and voilá, you
should arrive at the density of states above.

Hint: You will need to make the (very valid) approximation that the linewidth A21 is much less
than the resonance frequency ω21

Exercise 4 Absorption of light (11 points)

Light of frequency ω propagates in the z direction and is incident on an ensemble of two-level atoms.
In the steady state, we can model the absorption process by assuming that the intensity falls off as
I(z) = I0e

−αz.

a. Show that α = k Im [χ] where k is the wavenumber

b. Show that in the case of homogeneous broadening, the absorption per unit length is given by

dI

dz
= −kInd

2
12

ϵ0ℏ
Γ

2

1

∆2 + Γ2

4 + Ω2

2

c. Assuming resonant conditions, by introducing the on-resonance saturation parameter, s0 = 2Ω2

Γ2 ,
derive the Beer-Lambert law :

1

I

dI

dz
= −nℏω

Isat

Γ

2

where I
Isat

= s0.

d. In the high-intensity limit (s→ ∞), this reduces to

dI

dz
= −nℏωΓ

2
.
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Comment on the significance of this, in particular, what happens to the transmission as a function
of light as a function of incident intensity?

Exercise 5 The density matrix (6 points)

Here we are going to compute some density matrices, and then we are going to solve the optical Bloch
equations.

a. (2 marks) What is the density matrix for the state ψ = 0.577 |+⟩ + 0.577(1 + i) |−⟩ in the |±⟩
basis?

b. (1 mark) What is the expectation value for Sy?

c. (1 mark) What is a mixed state which would give the same probabilities of measuring the system
in states |+⟩ and |−⟩

d. (2 marks) Explain why we care about the difference between pure and mixed states, and what
differences one might observe in experiments when using either a pure or mixed state
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